QUANTUM COHOMOLOGY OF THE GRASSMANNIAN AND 
ALTERNATE THOM-SEBASTIANI 



BUMSIG KIM AND CLAUDE SABBAH 

Abstract. We introduce the notion of alternate product of Frobenius mani- 
folds and we give, after [2], an interpretation of the Frobenius manifold struc- 
ture canonically attached to the quantum cohomology of G(r, n -|- 1) in terms 
of alternate products. We also investigate the relationship with the alternate 
Thom-Sebastiani product of Laurent polynomials. 



Introduction 

It is known that the Frobenius manifold structure attached canonicaUy to the 
quantum cohomology of the complex projective space P" can also be obtained, in 
a canonical way, by considering the Laurent polynomial /(ui, . . • , Un) =«! + ••• + 
Un + l/ui ■ ■ ■ Un on the torus U = (C*)" and its associated Gauss-Manin system 

(cf. n). 

The main result of [5] applied to the case of the complex Grassmann variety 
G{r, n + 1) of r-planes in C""*"^ explains how to compute the Frobenius manifold 
structure canonically attached to the quantum cohomology of G{r,n + 1) in terms 
of that of P". 

In this article, we introduce the notion of alternate product of Frobenius man- 
ifolds and we give an interpretation of the previous result in terms of alternate 
products. 

On the "mirror side" , let us consider the following data: 

• the afhne variety J/^^-' obtained as the quotient of the r-fold product by 
the symmetric group 6^, 

• the function f(®^'> on [/'''^ induced by the r-fold Thom-Sebastiani sum 

• the rank-one local system C on the complement of the discriminant (image 
of the diagonals) in U^'^\ corresponding to the signature sgn : &r {±1}- 

We show that the Gauss-Manin system attached to these data is the r-fold alter- 
nate product of that of /, making these data a candidate for being "mirror of the 
Grassmannian" . 

The contents of the article is as follows: Section [1] recalls the correspondence 
between Frobenius and Saito structures on a manifold. The point of view of Saito 
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structures (primitive forms) enables us to use the results of Hertling and Manin [7] 
to generate Frobenius manifold structures. 

This construction is applied to tensor and alternate products in Section [21 We 
express the quantum cohomology of the Grassmannian, as a Frobenius manifold, 
in terms of the alternate product of that of the projective space in Theorem 12.131 
which is mainly a reformulation of Th. 4.1.1(a)] in this context. 

In Section [3l we show that the Gauss-Manin system, with coefficients in the 
local system £, of the function /'^'") considered above, can be obtained as the r-fold 
alternate product of the Gauss-Manin system of /. 

In Section [H we recall the notion of canonical Frobenius manifold attached to 
a Laurent polynomial satisfying generic assumptions, and we conclude that the 
Gauss-Manin system of the pair {f^®^\ C) on [7*^''-' is also obtained from the quan- 
tum cohomology of the Grassmannian. 

Acknowledgements. The authors thank the referee for his careful reading of the 
manuscript. 

1. Saito AND Frobenius manifold structures 

In this section, we will work in the category of punctual germs of complex ana- 
lytic manifolds, although most of the results can be extended to simply connected 
complex analytic manifolds. We denote by Om the local algebra of M, by m its 
maximal ideal and by Qm the tangent bundle of M . 

l.a. Pre-Saito structures. We refer to [M^, §VI.2.c] for more details on what 
follows. By a pre-Saito structure (without metric) on M we mean a t-uple 
(A/, V, i?oo, i?o) where 

• E is a. vector bundle on M, 

• V is a connection on i?, 

• Rq,Roo are Oj\/-linear endomorphisms of E, 

• $ : 8m ^Om E ^ E is a. OAf-linear morphism, 
which satisfy the following relations: 

V^^O, V(i?oo)-0, $A$ = 0, [i?o,$]-0 

V($)=0, V(i?o) + *= [$,i?oo]. 

In particular, V is flat and $ is a Higgs field. These conditions are better understood 
by working on the manifold M x A}, where is the affine line with coordinate z. 
Let TT : M X A} ^ M denote the projection. Then, on E := tt*E, the connection 
V defined by 

dz 

(1.1) V = 7r*V + z$ + (i?oo-^i?o) — 

z 

is fiat if and only if the previous relations are satisfied. We will also denote a 
pre-Saito structure by {E, V). 

Let us fix local coordinates xi, . . . , Xm on M and let e be a V-horizontal basis 
of E. We also seiQ 

i?oo(e) = e-(-Boc), $a..(e) = e-C«(x), Ro{e) = e ■ Bo{x). 

^The use of —B^a instead of Boo is done to keep a perfect correspondence with |14l Chap. VI]. 
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constancy of Boo and to 

dxi 
-0, 
= 

l.b. Universal deformation. Let f : N ^ M he a holomorphic map and 
let Tf : Oat — > f*QM be its tangent map. Then the pull-back of a t-uple 
(Af, E, V, Roo, Rq) is defined by 

• for any section 77 of Gjv, (/*V)^ = {C^<Sild) + VTfir,) and (/*$)^ = «'T/(r,), 

• FRoo = Id«)i?oo, f*Ro = Id®i?o, 

where V and <& are understood to be linearly extended to f*QM, and C,j denotes 
the Lie derivative with respect to ry. 

If (M, E, V, i?oo, ^0) is pre-Saito structure on M, then so is its pull-back on N. 
If / is a closed immersion, then we say that {E, V) is a deformation of f*{E, V). 

Example 1.3 (of a deformation). Let us start with a pre-Saito structure on a point, 
that is, a triple {E°,Roo,Rq), where E° is a finite dimensional vector space and 
Roo,Rq are two endomorphisms of E°. We consider the following "trivial" one- 
parameter deformation {A}-,E = Oj^i ®c E° ,\7 , R^c,^, Rq) (parametrized by the 
complex line with coordinate x), with: 

V = d, 
Roo = Id®i?oo, 

Ro(x) = e"(^-+") • (Id»i?g) • e-"-«~ = e"("'^^~+^'^)(Id®i?S), 
$ = -Ro{x)dx. 

The only non-trivial relation to be checked is 

ox 

which follows from the definition of Rq, as = — i?o- Let us remark that, 
according to this relation, any one-parameter deformation with = —Ra{x) is 
isomorphic to the previous one. 

One can also remark that the eigenvalues of Ro{x) are times the eigenvalues 

of 

Last, let us notice that, if i?oo is semisimple with integral eigenvalues, we can 
define the family in an algebraic way with respect to the variable A G C*, by 
replacing with A. 

Remarks 1.4 (on Example II. 3p . 

(1) From the point of view of the data {E, V), the construction of Example 1 1.3 1 
only consists of a rescaling in the variable z. On E° we have the connection 
V° = 4 + {Roc - zRl)dz/z and, if £; = C[A, A^^] ®c E°, we consider on E 



Then the previous relations reduce to the 

dxj 

dxi 
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the trivial connection — dx + V° = d + {Roc — zRQ)dz/z. Let us now 
consider the rescaling 

p* : C[X, X~\ z] — >C[X,X-\z], A I — > A, zi — > Xz. 

The inverse image of V' by this rescahng is d+{Roo—XzRQ){dX/ X+dz/ z). It 
has Poincare rank one along z = oo (we are not interested in the behaviour 
when A — > or A — > oo). Up to now, the construction is algebraic. However, 
we need to change the trivialization so that V gets the Birkhoff normal 
form. In order to do so, we pull-back (E, V) by the uniformization C ^ C*, 
X ^ X ~ , and we change the trivialization using e^^°°. Let us also 
notice that the uniformization A = is not needed if i?oo is semisimple 
with integral eigenvalues. 

(2) The construction of Example 11.31 can be done starting from any pre-Saito 
structure {M,Om ®c E° ,d, Roq,^, Rq) to produce a pre-Saito structure 
(M xA\Omxa^ ®c E'',d,Roo,^,Ro) with 

$ = e^(" + ^^^°°)(Id®$) - Rodx. 

If the kernel of Id -I- ad i?oo is non zero, then there could exist other pre-Saito 
structures (i.e., other <I>) with the same Rq. 

(3) The construction of Example 11.31 can be iterated, using ([2]), but this does 
not lead to any interesting new deformation. 

Let i : M be an immersion. We say that a pre-Saito structure {Ej^, Vjv) on 
A'' is a universal deformation of its restriction {E,'V) := i*(-E7v, V^r) if any other 
deformation of (-B, V) comes from (En^'Vn) by a unique base change inducing 
the identity on M. 

If {M, E, V) is a vector bundle with flat connection, then there is no loss of 
information by fixing a horizontal trivialization {E,V) ~ (Cm E°,d), where 
E° = ker V is the space of V-horizontal sections of E, which can also be identified 
with E/mE. 

Let (Af, Om®cE° , d, Roo, ^o) be a pre-Saito structure. Let lu° be any element 
of E° and let uj — 1m8"jJ° denote the unique V-horizontal section determined by u!°. 
Then $ defines a morphism ip^ : Qj^i Om ®c E°, £, i— > — $^(w), which can be 
regarded as a section of E°, and which is called the infinitesimal period 

mapping attached to lu°. The conditions d^ = and duj ^ imply dip^^ = G 

nlj ®c E". 

Proposition 1.5 (Hertling-Manin [7j). Let (M, Om®cE°, d, Roo,^, Ro) be a germ 
at a ^ M of pre-Saito structure. Let us assume that there exists uj° G E° such that 
u}° and its images under the iteration of the maps Rq : E° — > E° and $| : E° — > E° 
(for all ^ G ©M/' generate E°. Let us set lj = 1m ® to" ■ 

Let N be a germ of complex analytic manifold along M and let i : M ^ N denote 
the immersion. Then, there is a one-to-one correspondence between deformations 
(TV, ON'SicE°,d,R'^,^',R'Q) of the pre-Saito structure [M, Om'SicE'' , d, R^,<i>, Rq) 
parametrized by N and germs ip G fij^ ®c E° such that 

(*) = 

[dip^ 0, 
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the correspondence being given by 

(**) (7V,Ojv®c-B°,d,i?'^,$',i?^,) H-^^-(^i„«^o. 

Proof. We set Om — C{a;} with x — {xi, . . . , Xm) and On — C{x,y} with y = 
{yi, . . . ,yn)- On the one hand, it is easy to check that (p defined by (**) satisfies 
Properties (*). Let us thus start, on the other hand, with (p satisfying (*). Clearly, 
if a deformation exists, then Ijy ^ uj" is horizontal. We can therefore argue by 
induction on n and assume that n = I. We will thus set y — yi. Let us also remark 
that, under the assumption on to", the images of uj under the iteration of the maps 
Ro ■■ Om®cE° Om®cE° and : Om®cE° Om®cE° generate Om®cE° 
as a OAf-module. 

Let us fix a basis e° of E° . We then get matrices C'^^\x), Bq{x) and B^o 
satisfying (|1.2p . If the desired pre-Saito structure exists, it must have 1 (g) e° as 
horizontal basis. So, we search for C'^^\x,y), D'{x,y), BQ{x,y) (and we set = 
Boo) satisfying (II. 2|) with one variable more (where D' is the component of C" on 
dy). One sets C'^^\x,y) — J2k>o^'k^\^)y'' ^ ^^"^ '^^^ computes inductively the 
coefficients C^*-*'(a;), D'j^{x), Bg^{x). 

One sets first Cq^\x) — C'^^^{x) and B'q q{x) — Bo{x). One also must have 
C'(') (uj'')dx, + D'{uj")dy = -p. 

If C'^^i^)^ -^o^fe(^) ^^'^ D'^i^_j^{x) are found (satisfying (|1.2p mod y'^), the 
generating assumption and the desired commutation of D' with C"^*-* and B'q implies 
that D'^f,{Lu°) (which is determined by ip, hence known) uniquely determines such 
a D'^f.. Let us also notice for future use that, modulo y*^"^^, D'^f. belongs then to 
the commutative algebra generated by the classes modulo y*''^^ of the C^],? and 

Then C'^k+i and B'^ 

s^k+i are uniquely determined by their initial value and the 

equations 

^'^^fc+i _ ^^kk ^B'oXk+1 _ rp n' 1 n' 

~W " ~d^' dy " i^-' ^^feJ ^<k- 

That all desired relations at the level A: + 1 are satisfied is then easily verified. It 
remains to prove convergence. This is done in fTl. □ 

Remark 1.6. Let us assume that the conditions of the proposition are fulfilled. 
Given (p^ G n\j (8)c E° satisfying dip^ = 0, an extension ip — J2i Vi^Xi + J2j '^j'^Vj 
as in the proposition is determined in a unique way from — 4'jdyj provided 
that Ip is c?j,-closed. Therefore, there is a one-to-one correspondence between the 
deformations {N,On Oc E° , d, Roo,^' , R'o) as in the proposition (with a chosen 
projection N M), and the set of G On ®c E° satisfying \E'(a;, 0) = 0: one 
associates to the unique i?g defined by (p, where ip is determined by -0 = dy'^. 

In particular, if we fix ip — '^^ip^i(x)dxi -\- '^j'ipj{x,0)dyj, that is, if we fix 
ip{x,0), there exists ip{x,y) which is d^-closed and restricts to ^{x,0) at y = 0. 
Therefore, given any such ip, there exists a deformation {N, On®cE° , d, R^o, Rq) 
such that (pit^^oiy^o = ip. 

Corollary 1.7 (Hertling-Manin (7j). Let (A/, V, i?oo, $, i?o) be a germ of pre- 
Saito structure with to" G E° satisfying the assumptions of Proposition 11.51 // 
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moreover (p° : 8'^^ E° is injective, then (A/, i?, V, i?oo, -Ro) has a universal 
deformation parametrized by the germ E° — (E°,0). 

Proof. As above, let us identify (i?, V) with (Cm E°,d). For any N as above, 
we can therefore identify a section of On CSc E° vanishing at o with a morphism 
N ^ E°, where E° is the analytic germ of the C- vector space E° at the origin. 
For If as in the proposition, we have d(p = 0, hence ip = dx where x G On ®c E° is 
uniquely determined by the initial condition x(o) = 0. We regard % as a morphism 
X ■ N ^ E° . In particular, to (p^j we associate Xuj '■ M — > E° . 

From Proposition 11.51 one deduces that giving a deformation of the pre-Saito 
structure (M, V, i?ooj ^o) parametrized by N is equivalent to giving a com- 
mutative diagram 

M — > E" 




N 

and, given a base change v : N' N inducing the identity on M, the pull-back 
v*{M, E, V, i?oo, ^o) corresponds to x' — X°'^- In particular, {N, x) is universal 
if and only if for any {N' , x') there exists a unique v : N' ^ N inducing the identity 
on M such that x' = X ° ^- The assumption on means that Xu> is an immersion. 
The universal deformation must then correspond to the diagram 

^E° 




□ 

From the last point in Remark 11.61 we get: 

Corollary 1.8. Let (Af, iJ, V, i?oo, ^o) be a germ of pre-Saito structure with 
L0° e E° satisfying the assumptions of Proposition 11.51 Given any smooth analytic 
germ N Z) M together with an isomorphism Ip : i*QN ^ E restricting to Lp^j on 
Qm C i*ON, there exists on N a universal deformation of (M, E,V , Rao,^, Ro) 
such that ipi^uj\M — 'fi- n 

Such a deformation is not unique, but one can obtain any such deformation from 
a given one through a unique base change N —>■ and it is tangent to the identity 
when restricted to M. 

Concerning uniqueness, one also obtains: 



Corollary 1.9. Under the assumptions of Corollary 11.71 let us consider two de- 
formations o/ (Af, i?, V, i?cx3, *&, i?o) with parameter spaces N,N' D M being two 
smooth analytic germs, for which the corresponding Xi x' ■ N, N' — > E° are im- 
mersions with the same image. Then these two deformations are isomorphic, i.e., 
one comes from the other by a base change inducing an isomorphism on tangent 
bundles. □ 



Example 1.10. In the situation of Example 11.31 let us assume that Rq has a cyclic 
vector uj° e E°. If d = dime E", then . . . , is a basis of E". The 
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generating condition of Proposition 11.51 is satisfied, hence there exists a univer- 
sal deformation of the one-parameter pre-Saito structure defined in Example 11.31 
parametrized by E°. Setting ui = 1 (S)uj°, and denoting by xi the coordinate on A^, 
the map 

■■ Oai — > Oai ®c E° 

is given by 
and we have 

„a:i(Id-|-adfloo) „ 7^1 

Using the notation of Remark 1 1.61 let us set ip — J2jZo RoixiY {LLJ°)dxj. It defines 
an isomorphism 6a1x(C''-i.o)|ai ~^ •X'c E°, and induces a local biholomorphic 
map X : X {C^~^,0) E° . If (xq, . . . ,Xd-i) denote the coordinates on A^ x 
(C^-i, 0), we thus have (1 ® uj°)\i^i = Roixiy{uj°). 

Let us consider the case where uj° and Rq{uj°) are eigenvectors of Roo with 
respective eigenvalues So, Si. Then 

¥^.(9.,) = et^^-^^+i^-^ESK) and xU^i) ^ ''^'^ '"^'^"^ 7 

Ol — Oo + i 

In such a case is a parametrization of the line C • Rq{lu°) minus the point 
{—l/{Si — So + l))Ro{uj°) (if Si ~ So — 1, this point is at infinity, so does not have 
to be deleted). Moreover, for any x° £ A^, the analytic germ {E°,Xuj{x°)) is the 
universal deformation of the germ at x" of the pre-Saito structure constructed in 
Example 11.31 In the local coordinates (2:0, . . . ,Xd-i), we have = RoixiY: 

indeed, this holds when applying both operators to u"; as uj° is a cyclic vector 
for i?o(a^i) for any xi, and as $a^.|Ai commutes with Ro(xi), we get the desired 
assertion. 

liSi = (5o — 1, then Xw(a;i) = xiRq{uj°) defines a closed embedding A^ ^E°. We 
will mainly consider this case later on, and we will then denote by E° the analytic 
germ (^°, C • 

I.e. Pre-Saito structures with a finite group action. Let M be a punctual 
germ of complex manifold and let us assume that M is acted on by a finite group 
W of automorphisms. For w € W, we denote by w : Af ^ M the corresponding 
automorphism and by w* : Om Om the associated morphism of C-algebras. 
The fixed subspace is also a smooth analytic germ. 

If i? is a free OM-module, we say that the action of W lifts linearly to E if, for 
any w G W, there exists an isomorphism a„ : E w*E and, for any w,w' G W, 
the following diagram commutes: 

E — > w*w'*E 



w*E 

In particular, the restriction E^^w is equipped with a linear action of W. For 
instance, there is a canonical linear lifting of the W-action to the tangent bundle 
0M, if we set Ow = Tw : 9m w*8m, and we have = (0m|m"')^- 
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Given a pre-Saito structure {AI, E,W , Roo,^, Ro), we say that the W-action 
on M hfts hnearly to (A/, E, V, Roo, Ro) if it hfts hnearly to E and each Ow in- 
duces an isomorphism of pre-Saito structures. If we fix the horizontal trivialization 
{E, V) ~ (Cm E°, d), then we must have a„ = Id®a° , with a^,„ = a°,a^ for 
any w, w' e W. If we fix coordinates {xi , . . . , Xm) on M, we get, setting Wj — Xj o w, 

a°i?o(a;)(a^)"^ = i?o(w(.x)), 
a° (:^)(«;)-' = E l^(^) • (^(^))- 

In particular, W acts C-linearly on E° and commutes with i?oo and Rq. 

Let w = J2i <8> e° be a section of E. We have w*^ = J2i ij^i(w(a;)) ® e° and 
aw(w) = ® '^w(6°)- We say that uj is W-equivariant if, for any w G W, 

we have w*(a;) = a^jiuj)- If w is W-equivariant, then its restriction to is W- 
invariant. Conversely, assume that w^/™ is a flat W-invariant section of E^j^jm . Let 
u! be its flat extension to E. Then w is W-equivariant. Similarly, if G E° is 
W-invariant, then its flat extension uj is W-equivariant. 

If UJ is W-equivariant, then the following diagram commutes: 



(1.11) 



Moreover, E° is naturally equipped with a W-action (coming from the linear action 
on E°) and Xui '■ M ^ E° is W-equivariant. 

W-equivariant version of Proposition^^ and Corollarv \l.7\ Let (Af, E, V, i?oo, 'I', ^o) 
be a pre-Saito structure with W-action and let oj° ^ E°. Let us assume that uj° is 
W-invariant and let tu be its flat extension, which is W-equivariant. 

By a W-equivariant deformation of {M, E,V, i?oo, ^, -Ro) we mean a deformation 
parametrized by D M with a W-action, such that M is left stable by the W-action 
on A'^, and which restricts (with W-action) to (M, i?, V, i?oo, -Ro)- Proposition 
11.51 extends as follows: 




Corollary 1.12. With the assumptions of Proposition^!^ let us moreover assume 
that 

(1) Lu° is W-invariant, 

(2) the W-action on M extends to a W-action on N . 

Then, under the correspondence of Proposition^^ W-equivariant deformations of 
(Af , _E, V, i?oo, ^o) parametrized by N correspond to W-equivariant closed sec- 
tions ip G fi^Y ®c E° (i.e., the diagram corresponding to ()l.lip commutes). 

Proof. Starting from a W-equivariant deformation, and as uj° is W-invariant, the as- 
sociated (f is easily seen to be W-equivariant. Conversely, if (p is W-equivariant, then 
we have two deformations of (A/, E, V, i?oo, ^^ -Ro) defined in coordinates x on N by 
-Roo, Rq{x) and {x) on the one hand, and by (a^)^^i?ooaw, ('Jw)~^-Ro(w(a;))a^ 
and ^r-ix) ■ iaZ)'^^d^^ (w(a;))a^ on the other hand. That is W-equivariant 
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means that the (pu) associated to each of these deformations coincide. By uniqueness 
in Proposition 1 1.51 these deformations coincide. □ 

Corollary 1.13. With the assumptions of Corollarv W. 12[ let us moreover assume 
that ip'^ : —^ E° is an immersion. Then the -action on E° coming from the 
linear action on E° can he lifted as a -action on the universal deformation of 
{M, E,V , Roo,^, R()) given by Corollaru \1.7\ and this action restricts, through Xu, 
to the given one on (M, E, V, i?oo, ^^o)- D 

W -invariant version of Proposition \l.5\ and Corollaru \l.7\ Let us consider the case 
where W acts triviaUy on M. We wih say that the action is Unearized. In particular, 
E° has a W-action and Rq and the $| commute with this W-action. 

One can define the notion of a deformation with linearized W-action, and that 
of a universal deformation with linearized W-action. The results of Hertling and 
Manin extend as follows: 

(1) In Proposition ll.5i one assumes that uj° is W-invariant and that the images 
of uj° under the iteration of the maps Rq and $| generate the invariant 
subspace {E°)'". Then w is a section of E^ . The W-invariant version of 
Proposition 11.51 is that there exists a one-to-one correspondence between 
the set of deformations with linearized W-action and the set of e fl]^ (^c 
{E°)^ satisfying {*). 

For the proof, one notices that, by induction, the matrices C'^^\ DJ, and 
Bq j, commute with the W-action. 

(2) If moreover if°^ is an immersion 9^^ ^ {E°)^ , then is the base space 
of a universal deformation with linearized W-action of (M, E, V, i?oo, 'i', Rq) 
(same proof as for Corollarv ll.7p . 

(3) Corollaries 11.81 and 11.91 extend in the same way. 

Remark 1.14. Let {M, E,V , Roo,^, Rq) be a pre-Saito structure with a (not lin- 
earized) W-action, and let uj° e E° be W-invariant. Let us assume that uj° fulfills 
the conditions in Corollary 11.71 Then the universal deformation with parameter 
space E° comes equipped with a (non linearized) W-action. The restriction of 
this deformation to the subspace {E")^ has therefore a linearized W-action. How- 
ever, it may not be, as such, a universal deformation with linearized W-action of 
{M, E, V, Roo, R())\M^ , as the images of uj° under the iterates of Rq and the <I>| 
(C G e°^w) may not generate {E")"^ . One can ask whether there exists an interest- 
ing smooth subspace contained in (iJ°)^ so that {M,E,V,Roc,^,Ro)\m^ is the 
universal deformation with linearized action of its restriction to this subspace. 

l.d. Metric. 

Definition 1.15. A pre-Saito structure {M, E,V , Roo,^, Ro, g) (with metric) of 
weight w consists of the following data: 

(1) A pre-Saito structure (without metric) {M,E,V,Roo,^,Ro) as in HLaX 

(2) a nondegenerate symmetric O^vz-bilinear form g on E 

which satisfy the following relations, denoting by * the adjoint with respect to g: 
V(5) = 0, Roo+R*oo^ -u^ Id, - R*o=Ro- 
Let us notice that $* = $ means that for all $ £ 6m, (*{)* = 
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Example 1.16. In the situation of Example ll.3l if we moreover have a nondegenerate 
symmetric bihnear form g" on E° such that Rq* = Rq and R^^ + Roo = —wld, 
then, setting g — ld(E)g° (i.e., extending trivially 17°, so that g is V-flat) we still 
have i?^ + Roo = — w Id and 

so the deformed pre-Saito structure remains of weight w. 

Corollary 1.17 (Hertling-Manin 7J). Let {M,Om ®c E° ,d, Roo,^, Ra) be a pre- 
Saito structure with uj° G E° satisfying the conditions of Proposition 11.51 Let 
{N, On i^cE°,d, Roo, ^',R'o) be any deformation of (M, Om '^c E°, d, i?oo, ^o)- 
Assume that g is a flat metric on Om 'X'c E° giving (M, Om '^c E° , d, i?oo, Rq) 
weight w and let g' be the unique d-flat metric on On (®c E° extending g. 
Then {N, On ®c E°, d, Roo, i?o, g') is a pre-Saito structure of weight w. 

Proof. In the proof of Proposition 11.51 let us choose the basis e° so that it is 
orthonormal with respect to g°. Assume, by induction, that the matrices C^^\ 
B'q and D'^f,_-y are symmetric. Then D'^f, is symmetric, as it can be expressed 

as a polynomial in C'^1,B'q^j, modulo y'^^'^ , then dC'^l^^/ dy and dB'^ ^j.^^/ dy 

are symmetric, hence also C'^l^^, B'q <^k+i- '-' 

Remark 1.18. The adaptation of the previous result with W-action is straightfor- 
ward. 

I.e. Probenius manifolds. We still assume that M is a punctual analytic germ. 
Let us recall well-known results (see e.g., p31 Chap. VII]). 

Definition 1.19. A Frobenius manifold structure {M,-k,g,e, £) of weight D con- 
sists of 

(i) A symmetric nondegenerate OM-bilinear form g on Qm, with associated 
Levi-Civita (i.e., torsion free) connection V : 9a/ — > ^^m '^Om ©a/; 

(ii) A OM-bihnear product ★ on 6m; 

(iii) Two sections e and (£ of 6m; 
subject to the following relations: 

(a) V is flat; 

(b) * is commutative and associative; 

(c) e is a unit for * and is V-horizontal; 

(d) £e(e) — — e, £(«(★) = C(t{g) — Dg for some e C; 

(e) If c G r(M,17]^®3) ig defined by 0(^,6,6) = 5(^1 * 6, 6), then Vc is 
symmetric in its four arguments. 

Let {M, E,V , Roo,^, Rq, 9) be a pre-Saito structure. Let w be a V-horizontal 
section of E. It defines a ©M-hnear morphism (p^ : m ^ E by £, —^^{uj). 

Definition 1.20. Given a pre-Saito structure {M, E, V, Roo, ^, Ro, g) of weight w, 
we say that a V-horizontal section of i? is 

(1) primitive if the associated period mapping (^^^ : 6m — > £^ is an isomor- 
phism, 

(2) homogeneous of degree 5 S C if i?cxjW = quj. 

A pre-Saito structure (M, E, V, Roo, Ro, g) of weight w equipped with a primitive 
homogeneous section uj is called a Saito structure. 
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Ituj is primitive and homogeneous, ipi^ induces a flat torsion free connection on 
Qm, and an associative and commutative OA/-bilinear product -k, with e = (p^^{ll)) 
as unit, and '^e — 0. 

The Euler field is 2; = tp^^(Ro{uj)). It is therefore a section of Qm- We have 
'A/e = + gld, with "^Roo = (fZ^ oRooO^u- Id. In particular, 'A/'AZg = 0. 

Remark 1.21. We have £i£(e) = — e, = If we set D = 2q + 2 — w,we have, 

for '^g induced by Lp^i as above: 

Proposition 1.22. Let (M,E,W,Roo,^,Ro,g) be a pre-Saito structure of 
weight w. To any homogenous primitive section uj of E having weight q is 
associated canonically on M, through the infinitesimal period mapping (p^, a 
Frobenius manifold structure of weight D = 2q + 2 — w . 

Conversely, any Frobenius manifold structure {M, -k, g, e, defines a Saito struc- 
ture (A/, E, V, Roo, ^1 Rq, 9) having e as homogeneous primitive form. 

Proof. Let us give the correspondence (M, g, e, 2;) 1— > (M, E, V, Roo, -Ro- 5). We 
define: 

• E = Qm, 

• V is the Levi-Civita connection of g, 

• ^dv) = -(^*?7), 

• i?oo = ve - Id, 

,g = 0, w = 2-D. □ 

Remark 1.23. Let (Af , E, V, Roc,^, Rq, g) be a pre-Saito structure. If w is a prim- 
itive homogeneous section of E, then so is Xlu for any A G C*. It gives rise to the 
Frobenius manifold structure (M, A^i?, e, £). In particular, uj and —uj give the 
same Frobenius manifold. 

Definition 1.24. Let (M, E, V, Roa, ^, Ro, g) be a pre-Saito structure of weight w. 
Let Lu £ E he a V-horizontal section. We will say that uj is pre-primitive if it satisfies 
the following properties: 

(1) uj° and its images under the iterates of <I>| G ^m) generate E°, 

(2) pZ ■■ ©M ^ is injective. 

We say that lu is strongly pre-primitive if it satisfies moreover 

(3) UJ i^lmip^. 

The third condition will only be useful when considering tensor products. Let 
us notice that, because of this condition, a primitive section is not strongly pre- 
primitive. Let us also notice that the generating condition is somewhat stronger 
than what is needed to apply the results of Hertling and Manin, as Rq is not used 
in ll.24lf l]). This will also be useful when considering tensor products. On the other 
hand, adding a new parameter as in Example 11.31 enables us to skip i?g in the 
generating condition of Hertling and Manin. 

From Corollarv ll.71 we get: 

Corollary 1.25. Let (M, E, V, Roc,^, Rq, g) he a pre-Saito structure of weight w. 
Let UJ be a V-horizontal pre-primitive section of E. Let us moreover assume that uj 
is homogeneous with respect to Roo ■ Then, on the base space N of any universal 
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deformation of (Af, E, V, Roo, Ro, g) exists a canonical Frobenius manifold struc- 
ture. The Frobenius manifold structures on two such deformations N and N' are 
isomorphic by an isomorphism which induces the identity on M . 

Proof. The V-horizontal extension ljn of on any universal deformation space N 
(whose existence is granted by Corohary II. 7p is primitive and remains homoge- 
neous. It defines therefore a Frobenius manifold structure on N . Given another 
deformation with base space N' , it is obtained by pull-back hy v : N' N . We 
have Eni = On' '^On and lon' — 1 (S) lon- Keeping notation of the proof of 
Corollary II. 71 we have = X^n ° bence ipufi, = ^ujn °Tv, and the structures 
on and correspond through the isomorphism Tv (for the metric, one uses 
Corollary [mi. □ 



Remark 1.26. For (M, E,V , R^o,^, Roi 9) and uj pre-primitive and homogeneous, 
there is a meaning to speak of the Frobenius manifold structure determined by the 
pre-primitive homogeneous section uj on the universal deformation. 



Example 1.27. Let {E°, i?oo, be as in Example [Uni with ikE" > 2. Then uj 

is strongly pre-primitive. Indeed, we have cpui''{dx) = Rq{uj°) ^ C • as rkE° ^ 2. 

Assume moreover that lu° and Rq{oj") are eigenvectors of Roc with respective 
eigenvalues i5o and 61 = Sq — 1. Then the germ E° = {E° , C ■ i?g(a;°)) gets equipped 
with the structure of a Frobenius manifold. The Euler vector field £ is tangent to 
the line M = C • Rq{u}°) and, in the coordinates xq, . . . , x^-i considered in loc. cit., 
2;|M = dx^\M- The subsheaf of algebras OM[2;|Af] C (0£;o|a/;*) is isomorphic to 
Ca/ if p denotes the characteristic polynomial of i?g and the inclusion 
above is in fact an equality. 

Example 1.28 (Quantum cohomology of the projective space). Let us consider the 
pre-Saito structure {E° , Roo, i?o, 17°) equipped with the pre-primitive form w° given 
by the following data: 



E° is C"+^ with its canonical basis 
the matrix of i?n is 



(n + 1) 



/O 

1 





... l\ 



... 

1 q) 



and that of Roo is — diag(0, 1, . . . , n), 
• we have g°{uj'^,ujf) ^lii k + £ = n and otherwise. 

The germ of universal Frobenius manifold defined by {E°,Roo,RQ,g°,uj°) is equal 
to that defined by the quantum cohomology of P" (cf. [T0| §11.4]). Let us denote 
by to, ... ,tn the flat coordinates corresponding to the basis wg, . . . , a;°. 

The trivial deformation parametrized by is given by the linear map Xuj(.^) = 
{n-\-l)xuji, and the Frobenius manifold structure is defined along this line. Working 
in the flat coordinate ti — {n + l)x, the pre-Saito structure at the point ti is 
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{E°,Roo,Ro{ti),g°), with 



Roih) = (n+1) 



/o ■•■ 

1 

1 

Vo ... 



. .. e*i\ 


... 

1 / 



Moreover, by construction, we have $9^, (cli°)|ai = —lo° for any i, and therefore, 
denoting now = —dt^ * , we get 



i = 0, , 



In this example, E° denotes the germ of E° along = C ■ uj°, equipped with the 
flat coordinates [to^ . . . ,tn), and we have an isomorphism of sheaves of algebras 
(e^„l^i,:*r|Ai) ^ OAi[2/]/(p(ii,y)), withp(y) = - e*S given by dt^ ^ [/]. 

Let us also note that the Frobenius manifold structure on E° is invariant by 
translation of ti by 2in'Z. 



2. Application to tensor products and alternate products 

2. a. Tensor product of two Frobenius manifolds. Let us show how the previ- 
ous results enable us to recover existence and uniqueness results concerning tensor 
products of Frobenius manifolds (see 8J and also |10i §IIL7]). 

Let us start with pre-Saito structures. The tensor product of two pre-Saito 
structures (M, E, V, Roo,^, Ro, 9) and (M, E' , V, R'^, R'q, g') on a given mani- 
fold M, of respective weights w and w' is (M, E" , V", R'^, i?o , g"), with 

• E" ^E®Om E', 

• V" = V Id + Id(g)V', 

• i?^ = Roo(E>ld + ld(g>R'^, 

• = $ (g) Id -I- Id (g)*', 

• = Ro(S>ld + ld(g)R'o, 

• <?"(e®e',/®/') = <7(e,/)5'(e',/'). 

This produces a pre-Saito structure of weight w" — w + w' . Let us note that, 
from the point of view of the connection V defined in (|l.ip . the tensor product is 
associated to the tensor product connection on E <S>Om[z] ^' ■ Given r ^ 2, we can 
similarly define the r-fold tensor product, the r-fold symmetric product and the 
r-fold alternate product of a pre-Saito structure. From the point of view of {E, V), 
they correspond respectively to the natural connection V on 

Let us now consider two pre-Saito structures {Mi,Ei,Vi,Roo,i,^i,Ro.i,gi) of 
weights Wi (i = 1, 2). Let us denote by pi,P2 the projections Mi x M2 Mi, M2- 
The external tensor product of these pre-Saito structures is, by definition, 

P*i (M2, £^2, V2, i?oo,2, $2, ^0,2, 52), 

where the pull-back p* {i — 1,2) has been defined in i jl.bl The external tensor 
product has weight wi + W2- We will denote it by 
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Lemma 2.1. Assume that loi,uj2 are strongly pre-primitive horizontal sections of 
El, E2. Then lu = uji lu2 E Ei E2 is a strongly pre-primitive horizontal section 
of Ei^ E2- 

If moreover uJi,LU2 are homogeneous of respective degrees qi,q2, then u is homo- 
geneous of degree qi + (72 • 

Proof. If we denote by x the coordinates on Mi and by y that on M2, we remark 
that (w) = (<I>i_a^ (wi)) ^ uj2 and a similar result for (uj). Therefore, cu 
and the iterates of $j G SmixMs) acting on uj generate Ei m E2- 

Moreover, uj° (g) does not belong to the vector space generated by the 
(p^o [dxi ) (8) 1^2 the Lu° (E) ip^o (^dy- ) , which clearly form part of a basis of E°(E)E2, 
hence the strong pre-primitivity. 

Lastly, the homogeneity condition for lo directly follows from the formulas above. 

□ 

The reason to impose the third condition in the definition of a strongly pre- 
primitive section is to insure that, in the previous lemma, ip^j remains injective. 
Otherwise, if we set — ip^^{LUi) e Om; {i — 1, 2), and if we denote similarly the 
corresponding vector field on Mi x M2, then ipuj{ei — 62) — uji S uj2 — uji ^ L02 = 0, 
so (fiu) is not injective. Let us also notice that the lemma holds if only one of both 
pre-primitive sections uji and u)2 is strong. 

In conclusion, the tensor product is well-defined for pre-Saito structures equipped 
with a strongly pre-primitive homogeneous section. We will say that the Frobenius 
manifold structure associated according to Corollary 11.251 to this tensor product 
is the tensor product of the Frobenius manifold structures corresponding to each 
term, although this is incorrect, strictly speaking. (Another approach of the tensor 
product is given in [5], see also [101 §111.7]). 

Example 2.2. Let {E°,Roo,Ro) and {E'° , R'^, R'^^) be two pre-Saito structures 
(without metric), with underlying manifold M,M' reduced to a point. We define 
their tensor product {E"°, R'^, R'o") as an object of the same kind: 

E"" = E° (g)c E'°, 

R'^ = R^(Eld + ld®R'^, 

R'^" = R°®ld + ld®R'o°. 

Assume that there exist uj° e E° and lu'° e E'° such that the {R^)''{lu°) 
{k ^ 0) generate E°, and similarly with "prime". Then, by CoroUarv 11.71 there 
exists a universal deformation of {E°,Roo,Ro) and (E'° , R'^, R'q). However, the 
{Rq (g) ld-\-ld(g)R'Q)''{uj° (g)U!'°) may not generate E°®cE'°, and the same corollary 
cannot be applied to the tensor product. 

We can use Example 11.31 to overcome this difficulty. Indeed, let us denote by 
(M, E, V, i?oo, Rg) and (M', E' , V, i?'oo, the one-parameter deformations 

of {E° , Roc, Rq) and {E'° , R'^^, Rq) defined there. The external tensor product is 
defined as above on M" = M x M' and E" — p*E®Om" p'*E' {p,p' the projections 
from M" to M,M'), adding the relations 

V" = V0ld + Id0V', $" = $0ld + Id(8)$". 

We thus have 
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Let US note that the flat extensions of lu° and lu'° are now strongly pre-primitive. 
From Lemma [O] we conclude that the flat extension oj" of uj° i^ui'" is strongly pre- 
primitive, and therefore the generating condition of Proposition [T751 is fulfilled (even 
without using Rq), so a universal deformation of (A/", E" , V", -Rq) does exist. 
Moreover, according to Example 1 1 . 271 and if metrics g°, g'° do exist, giving weights 
w,w', the tensor product of the corresponding Frobenius manifold structures is 
well-defined if we moreover assume that uj°,lu'° are homogeneous. 

2.b. Symmetric and alternate product of a Frobenius manifold. Let us fix 

a pre-Saito structure {M, E,\/ , Roo,^, Ro, g) of weight w. For any r ^ 1, we can 
consider the r-fold external tensor product as in §2.a| with base space M"^ and 
vector bundle M'^E. Assume that w is a strongly pre-primitive (resp. homogeneous) 
flat section of E. Then, we have seen that s'^oj is so for Ei^E. 

Moreover, we have a natural action of the symmetric group W = S,- on the 
pre-Saito structure ^''(M, E, V, Roo, ^, Ro,g), and is W-invariant. 

It follows from Corollary 11.251 that ®'^E° is equipped with the r-fold tensor 
product Frobenius manifold structure, and the natural action of W is compatible 
with this structure. 

From now on, we will only consider the situation of Example 11.271 (in particu- 
lar, we assume that uj° and Rq{uj°) below are eigenvectors of Rq^ with respective 
eigenvalues 5^ and 5i = 6q — \). Let us fix a pre-Saito structure {E° , i?oo, 9°) °^ 
weight w (with base manifold M reduced to a point) with a homogeneous i?g-cyclic 
vector uj° ^ E° . Let r be an integer ^ 2. Now, there is no difference between the 
external tensor product and the tensor product over C. On ®^ E° we have operators 
denoted by ®''i?oo, '^''^o- ^^r instance. 



These operators are W-invariant. Therefore, they induce on the symmetric product 
Sym''i<^° :— {®^E°)^ and on the alternate product /\'^E° similar operators. 

Let (A^, i?, V, i?oo, ^^ Rq) be the one-parameter deformation of {E°, R^o, Rq) con- 
structed in Example 11.31 together with the flat extension uj = 1 ® iu° oi u!° . Then, 
by assumption on iu° and according to Example 11.271 lu is strongly pre-primitive 
and homogeneous. 

The r-fold tensor product. The external tensor product Kl^(A^, _B, V, i?oo, '1', ^o) is 
a r-parameter deformation of {&'E°, '^^Roo, '^^Ro)i equipped with the strongly pre- 
primitive homogeneous section ^^ui = 1 {®'^u!°). Its germ at the origin has a 

universal deformation with base manifold equal to the germ ®^E° of ®'^E° at 
that we denote by 



The tangent map (fs'-uj of the embedding Xh'-w '■ {{^Y , 0) ^ ®^E° sends the j-th 
vector basis of 6?Ai-|r to 



r 




i=l 



(2.3) 



i'^^Eo, O-—; ®c {'S)'^E°),d, $, Ro). 



(g) • • • (g) w° (g) i?o(w°) ® w° (g) • • • (g) w°. 



j 
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This universal deformation defines a Frobenius manifold structure e, £) 

of weight D — 2 — rw. The natural action of W on ®'^E° is by automorphisms of 
the Frobenius manifold structure. 

Let us set d = dime E° . For any multi-index a G {0, . . . , c? — 1}'' we set e° = 
(w°) (g) ■ • ■ ® getting thus a basis e° of ®''E°. We denote by (a;„) 

the corresponding coordinates on ®'^E° . 

Lemma 2.4. For qtt.?/ multi-index a, we have 

Proof. If 1 denotes the horizontal extension of ®'^uo° on ®^E°, we have by 

definition Vi(^(^^r^o-^{dx^) — e°, that is, — — e°. On the other hand, 

the images of under the iteration of the operators $g , with j = 1, . . . ,r, 

generate ®'^E°. The commutation relations [$g , $g ] = imply that $g is 
determined by its value on hence the assertion. □ 

Remark 2.5. The previous results hold all along (A^)'' C ®^E° and not only at the 
origin, so that ®^E° can be regarded as the analytic germ of ®'''E° along (A^)''. 

The r-fold symmetric product. The space {^"^E")^ = Sym.^ E° has a basis obtained 
by symmetrization of the basis e° of ®'^E° . We will consider the subspace Elem'^£'° 
generated by the symmetrization of the vectors e° with Uj e {0, 1} for any j and 
afc = 1 for at least one k. It has dimension r. 

Lemma 2.6. The restriction 

(El^°, O^^^^ ®c d, ^'■i?oo, i?o) 

is a pre-Saito structure admitting 1 (g) as pre-primitive homogeneous section. 

Proof. A basis of the tangent space to Elem'^i?" at o, that is, Elem'^£'°, consists of 
the elementary symmetric vector fields = X^asAt ^a^a' where Ak = {a G {0, 1}^ | 
J2j o.j = k}, and k — 1, . . . , r. Any element of (®'^E°y^ can be obtained from 
>S)^uj° by applying a symmetric polynomial in the $g . By the lemma above, it 
can thus be obtained by applying iterations of the elementary operators . □ 

Lemma together with CoroUarv l 1.251 endows Sym'^i?" with the structure of a 
Frobenius manifold, through the infinitesimal period mapping defined by l®(iSD'^w°). 

On the other hand, let us consider the restriction of (|2.3p to Sym^E" or to 

Elem'^i?". The action of W on the base manifold is equal to the identity, so these 
restrictions have a linearized W-action. We claim that 

{S^m^", Ogy-^^ ®c i'^^'E"), d, '^^-R^, $, Ro) 

is the universal deformation with linearized W-action of 

{F.k^Eo, C?El^Bo ®c {<E>'^E°), d, ^'■i?oo, Ro)- 

This follows from the W-invariant version of Proposition 11.51 and Corollary 11.71 
explained after Corollarv ll.131 
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Remark 2.7. As in Remark 12.51 the results above hold all along the W-hivariant 

part of (A^)'', that is, the diagonal A^, and we can regard Eleni''i?° or Syn/i?" as 
the analytic germs of Elem'^i?" or Sym''i?° along the diagonal A^. 

The r-fold alternate product. We assume here that r < d. In order to obtain a 
Frobenius manifold structure on the subvariety /VE°, we do not use the same 

procedure as for Sym'"£'°, as W does not act trivially on this subvariety. We notice 
however that the bundle Oo-^ ®c WE°), and therefore O^,-^^ ®c {®''E°), 
is equipped with a linearized W-action. We can thus consider the anti-invariant 
subbundle C'gy^^^o ®C which is left invariant by ^^Rcxi, Rn and $^ for any 

vector field ^ tangent to Sym^E°. 

On Sym''i?° (hence on Elem'^£^°) exists the anti-invariant part of the restriction 

of the pre-Saito structure (|2.3p to Sym''£'°, which is a pre-Saito structure that we 
denote by 

(2.8) (S^°, 0c {A'-E"), d, ®'-i?„o, $, i?o) . 

Lemma 2.9. The restriction 

{Eh^E-, O^i^ijo ®c {A^'E"), d, ®^i?oo, Ro) 
is a pre-Saito structure admitting 

1 ii° := 1 (w° A i?g(w°) A • ■ • A {R^oy-^uj")) 

as pre- primitive section. If Rq{uj°), . . . , {Rq)'''^^{ll>°) are eigenvectors of R^o, then 
uj° is homogeneous. 

Proof. The homogeneity condition is clear, according to the assumption. Let us 
also note that, for fc = 1, . . . , r, 

$1^ = A ■ • • A {R°Y-''-^{oj°) A {R°Y'-''+^{uj'') A ■ • ■ A {R°Y{uj°), 

so the injectivity condition is clear. 

In order to check the generating condition, it is convenient to use the pre- 
sentation of the algebra {E°,-k) as C[y]/p{y), where y denotes i?g(a;°) and p is 
the minimal polynomial of Rq. Then (g)'"(£'°,*) = C[yi, . . . ,yr]/{p{yi), ■ ■ ■ ,p{yr})- 
Any (anti-)invariant element of ®^E° has a representative in C[yi, . . . ^y^] which 
is (anti-)invariant (by taking the (anti-)symmetrization of any representative), and 
u)° = [1] A [y] A • • • A [y''^^] is the class of X\i-^j[yi — yj)- Moreover, it is easy to 
check that JJi^jiyi ~ j/j) : C[yi, . . . , yr]^ C[?/i, . . . , yr]*"'* is onto. On the other 
hand, C[yi, . . . , yrf^ is generated by the elementary symmetric polynomials. This 
gives the generating condition for u!°. □ 

Corollary 2.10. Let {E° , R^o, Rq, g°) be a punctual pre-Saito structure with 
dimi?° = d. Let ui° he a cyclic vector for Rq. Assume that cj", . . . , (RqY^^{uj°) 
are eigenvectors of Roc and, as above, that 6i = 6q — 1. Then the r-fold alternate 
product of the (germ of) Frobenius manifold E° is well-defined as the Frobenius 
manifold attached to the universal deformation of the pre-Saito structure 

{E\^Eo, O^^^^^ ®c (A'^i?°), d, ^'■i?oo J, i?o, ®V), 
with primitive homogeneous section uj° . □ 
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Let US denote by ★ the product on ©gTg;; given by the Frobenius manifold 
structure constructed above. By Lemma 12.41 we have 

where, if Uj + /3j > d, we expand {R°qY^+^^ {uj°) in terms of the (i?g)'=(cj°), with 
A: = 0,...,d— 1. Then, from Corollarv ll.251 we can give a reahzation of the r-fold 
alternate Frobenius structure: 

Corollary 2.11. Under the assumptions of Corollary I2.10^ let N he a germ of 
complex manifold with Elem'^i?" <Z N C Syva^ E° such that the product with uj° : 
i.Zj°:Q° =Sym''£;° — > A''^" 

Sym' E° 

induces an isomorphism 0^ — ^ E° . Then the restriction to N of (12. 8[) is a 

universal deformation of its restriction to Elem^£^°, and the primitive homogeneous 
section 1 (E)lo° induces a Frobenius manifold structure on N , which is independent, 
up to isomorphism, on the choice of N. □ 

Remark 2.12. As in Remark 12.71 one can notice that Corollary 12 . 101 holds all along 
the diagonal and that Corollary 12.111 holds on any open set of the diagonal on 
which the isomorphism condition on ★ u° is satisfied. 

2.C. Quantum cohomology of the Grassmannian as an alternate product 
of a Ftobenius manifold. In this paragraph, we consider Example 1 1 . 281 with its 
notation and we take r ^n. The assumptions of CoroUarv 12 . 101 are then satisfied. 

The germ Elem''i?° is now a germ along the diagonal = C • {uji (3 ■ • ■ (g) w^') ^ 
Sym''£^°. We can apply the previous results all along the diagonal. We also replace 
above Rq with dt^* and we set 2° = luq A uj^ A ■ ■ ■ A to°_i- For any multi-index 
a £ {0, . . . ,nY, we also set cj" = cj"^ ® • • • (g) w"^ and we denote by dt^ the 

corresponding germs of vector fields on ®^E° along (A^)''. We will denote by li the 
multi- index a with aj = 5ij for all j = 1, . . . , r. The infinitesimal period mapping 
induces an isomorphism of algebras 

i^g;^o,*)my — > O^Mylyi, . . . ,yr]/ipiti,,yi), . . . ,p{tx^,yr)), 

with p{t, y) = y"'^^ — e*. 

Along the diagonal A^ with coordinate t, the tangent algebra of the r-fold alter- 
nate product Frobenius manifold is \Op^ [yi, . . . , yr]/{p{t, yi), . . . ,p{t, j/r))] and 
1 (g) a;° is the class of Yl^yjiyi — Vj)- Let us also remark that this Frobenius struc- 
ture is invariant under the translation of t by 2i7rZ. 

From the main result in we obtain: 

Theorem 2.13. The Frobenius manifold structure attached to the quantum coho- 
mology of the complex Grassmannian G{r,nA-l) of r-planes in C"^^ is isomorphic 
to the germ at t° = (r — l)i7r G A^ of the r-fold alternate Frobenius manifold 
structure of the quantum cohomology of P" defined through the pre-primitive homo- 
geneous section uj :— pr{l ^u!°), with pi = /r\. 

Let us note that the choice of a square root of {—l)^^/r\ is not important, 
according to Remark 11.231 
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Proof. Let us denote by P the r-fold product of P". We set E° = i/*(P") and 

{ujf)i=o n is the basis generated by the hyperplane class H — uj^. Then ®'^E° = 

H* (P) . The Frobenius structure attached to the quantum cohomology of P is known 
to be the r-fold tensor product of that of P". 

If S{Yi, . . . ,Yr) is any polynomial in r variables with degrees in each variable 
belonging to [0, n], we define S{ujq (8) • ■ • (8) ujq) G iS)^E° by replacing each monomial 
y™^ • ■ • 17"'' ill ^ by wj^^ OS) - • -(8)0;^^. Let us denote by s\ the Schur polynomials in r 
variables indexed by partitions A having Young diagrams in a rectangle r x 1 — r) 
and let N C Sym^E° be the linear subspace having u!°^ :— s\{ujq Cg) • • • (8 ujq) as a 
basis. In particular, N D Elcm''i?° and the ordinary cup product uj° U : Sym^E° = 
i7*(P)W ^ iy*(p)ant ^ ^r^o induces an isomorphism N iJ*(P)^"*. 

Let us denote by the vector field on N corresponding to 0;°^ . By definition 
of the product ★ and the isomorphism (*) above, and as is a linear combination 
of the dt^, the restriction ^saKai)"- is sent to [sa(2/i, ■ ■ • , J/r)]- Proving that the 
isomorphism condition of Corollarv l2.11l is satisfied for N amounts then to proving 
that 

Yl^Vt - Vj) ■ PAvi, ■ ■ . ,yr]/{p{t,yi), . . . ,p{t,yr))]^ 

i>j 

[Oai [yi, . . . , yr]/{p{t, yi), . . . ,p{t, yr))r' 

induces an isomorphism on the subsheaf generated by the [sxlyi, . . . , yr)]- 

The sheaf Oj^i [j/i, . . . , yr]/{p{t, yi), ■ ■ ■ ,p{t, yr)) is filtered according to the total 
degree in yi, . . . and the graded sheaf is Of,i[yi, ■ ■ ■ ,yr]/{po{yi), ■ ■ ■ ,Po{yr)) with 
Po{y) = y"+^- As the action of W on Oi^i[yi, . . . ,yr]/{p{t,yi), . . . ,p{t,yr)) strictly 
preserves the filtration, taking the (anti-) invariant subsheaf commutes with grada- 
tion. Lastly, the morphism induced by the multiplication by Y[i>j iVi ^ Vj ) induces 
the same morphism at the graded level. 

Now, at the graded level, we recover the ordinary cup product tZ;°U : N ^ /\^E°, 
which is an isomorphism. We conclude that w° ★ : Qn\a^ ~^ ®C {/\^ E°) is an 
isomorphism, and Corollary 12.111 equips the germ of N along of a canonical 
Frobenius structure isomorphic to the r-fold alternate product of that attached to 
the quantum cohomology of P" . 

Now, CoroUarv 12.111 when applied to the germ of N sX t° = {r — l)i-K G A^, 
gives a Frobenius structure isomorphic to that attached to the cohomology of the 
Grassmannian G(r, n-l-1) (up to the normalizing factor pr): indeed, the main result 
in [2] gives a similar statement, but working with a Novikov variable Q (the sign 
change in the Novikov variables in loc. cit. amounts here to the translation of the 
variable thy (r — l)i7r); from the previous considerations, we conclude in particular 
that the Gromov-Witten potential on N is convergent, hence we can set the Novikov 
variable to 1 in the result of loc. cit. □ 



3. Alternate Thom-Sebastiani 

This section, which is independent of the previous one, gives the necessary tools 
for the geometric interpretation given in S|4] of the alternate product of Frobenius 
manifolds constructed in ^2.h\ 
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3. a. Holonomic P-modules and perverse sheaves with an action of a finite 

group. Let Z be a complex manifold (resp. a smooth complex algebraic variety) 
and let Vz be the sheaf of holomorphic (resp. algebraic) differential operators on Z. 

Let W be a finite group equipped with a non trivial character sgn : W — > {±1}- 
For instance, W = 6^ is the symmetric group on r letters and sgn is the signature. 

Let be a holonomic (left or right) P^-module equipped with an action of the 
group W by P^-automorphisms. Let yW"* be the biggest submodule on which any 
w in W acts by sgn(w). Let ax : ^ be the antisymmetrization map 

™ ' — ' iWl ^ sgn(w)w(m). 

We denote by DM the dual holonomic Pz-module. It comes naturally equipped 
with a dual action of W. 

Proposition 3.1. We have A1^"* = ImayK and a decomposition M = 
kera^ © A^'^"*. Moreover, we have Dum = o,dm o.'^d an isomorphism 
25 ant) ^ (DM)'"^\ 

Proof. The first point follows from the identity aM°o,M — 0.M and the identification 
j^unt _ j^grj^Q,^ _ idiy That Dqm = odm follows from the exactness of the 
contravariant functor D on holonomic modules. The second assertion is then clear. 

□ 

Remark 3.2 (Q-perverse sheaves). The same result holds for Q-perverse sheaves Q 
on any reduced analytic space Z, if 5 is equipped with an action of W by automor- 
phisms, where ker,coker and are taken in the abelian category of Q-perverse 
sheaves. The point is that the antisymmetrization morphism ag is well-defined as 
a morphism in this category, as Hompeiv(z) (5; Q) is a Q-vector space. 

Proposition 3.3. Let g : Z ^ Z' be a proper map (between complex analytic 
manifolds or between smooth complex algebraic varieties). If M. is as above, then 
for any k Ci Z, the Dz' -modules Ti^g^Mi are naturally equipped with an action ofW 
by automorphisms, we have a-^kg^j^ = H'^g+aM and (H'^y+A^)^"' ~ H''.g+(A(^"'). 

A .similar result holds for Q-perverse sheaves on reduced complex analytic spaces 
and perverse cohomology sheaves of the direct image. 

Proof. The first two points are clear by functoriality. We then have TC'g+ ker ajvi C 
kera-^fcg^x and H''5+(A1™*) C (W'^y+AI)^"*, and as the sum of both modules is 
equal to Ti^g^J^, we get the third assertion. □ 

3.b. Alternate Thom-Sebastiani for perverse sheaves. Let X be a reduced 
complex analytic space and let / : X — > C be a holomorphic function. Let T 
be a perverse sheaf of Q-vector spaces on X. Consider the r-fold product X'' = 
X X---XX with the function /©"^ :=/©•••©/: X'' ^ C defined by 

f'^'\x^,...,Xr)= f(x,) + --- + f{Xr), 

and the perverse sheaf T^"^ T ^ ■ ■ ■ S J-. 

Denote by X^^^ the quotient spacc0 of X^ by the natural action of the sym- 
metric group and let p : X^ — > X^"^") be the projection. The space X^"^") is a 
reduced analytic space (usually singular along the image of the diagonals, even if 



2jY'('") is usually denoted by Sym'"X, but we do not use the latter notation to avoid any 
confusion with i]2.bl 
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X is smooth). The function /*'", being invariant under 6^, defines a holomorphic 
function /t®"-) : X^'') C such that J®'' = /(®'~) o p. 

The complex Q := Rp^J-^^ is a perverse sheaf (as p is finite) and comes equipped 
with an action of 6^- We denote by !F^^ — Q^'^^ its anti- invariant part (in the 
perverse category). If DT denote the Verdier dual of on X, we have 

D(J^'"^) = D(g'^"') ~ (Dg;)^"* according to Remark [321 

(3.4) ~ (i2p4Z3J^^'' ))''"* as pis finite, 

~ {Rp,{{DTf = (i?^)^'-. 

The case dimX = 0. We assume that X is a finite set of points. A Q-perverse 
sheaf on X is then nothing but the data of a finite dimensional Q-vector space 
Fx for each x & X. 

(1) If X is reduced to a point {x}, and if we set F — F^, then X^'') is reduced 
to a point and we have !F^^ = A^F. 

(2) If X is finite, we use the compatibility with the direct image X pt to see 
that r(X('-),J'^^'-) = A''{(BxexFx). If x^''' = p{xi,...,Xr) is a point of XW, 
the germ of J^^"^ at x^''^ is the subspace of A^{®xexFx) generated by the 
vi A - ■ • Avr, where vi ^ F^^^, . . . ,Vr & F^^,, that we denote by Fa;j^ A • • • A F^^ . 

Example 3.5. Assume that X is finite and dimFj; = 1 for any x £ X . Let D C AT*^'"^ 
be the image of the diagonals in X^ . Then = 0. Indeed, if xi — X2 for instance, 
then F^^ = F^, and F^^ A F^^ = 0. 



Restriction to a subset. Let iy '■ Y '-^ X he the inclusion of a closed analytic subset. 
Let be a perverse sheaf on X. Assume that iy^J- is perverse up to a shift. 

Lemma 3.6. Under these assumptions, we have {iy^T)^-' = i^f,,)(J^^'~), where 
iy(r) is the natural inclusion Y''^^ ^ X'^^\ 

Proof. Assume that iy^Tlk] is perverse, for some fc e Z. Then iyJjF^''[fcr] is 



perverse. On the other hand, wehave Qy '■— Rru^iylJ^^^ — iy\,.^Rp^,T'^^' =: iy},.^G, 



as the diagram 



yr — y(r) 

is cartesian. Then iy]^^Q[kr] is perverse. The decomposition Q = kerag © in- 
duces a similar decomposition after applying the functor iyl^j [fcr], and we conclude 



as in Proposition 13. 31 □ 

Fibre of J-^^ . Assume that, up to a fixed shift, the restriction at xi,...,Xr of 
the perverse sheaf is a sheaf (in the following, we forget about the shift, which 
applies uniformly to all the sheaves that we consider) . Applying Lemma 13.61 to 
Y = {xi, . . . , X,.} and the case dim A" = 0, we get 

•^P%„...,..) - A • • • A .F,^ C A'^[^,, ® • ■ • © T,^]. 

If for instance .F is a shifted local system of rank one, we can apply Example 13.51 
to obtain that J-^"^ is a shifted local system of rank one on the complement of the 
image of the diagonals in X^"^"^ and is zero on this image. 
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Application. Let X be a complex manifold, let — Qx[dimX] be the constant 
sheaf shifted by dimX (this is a perverse sheaf). Let us describe the perverse sheaf 
^x"- Denote by D C X^''^ the image by p of the diagonals of and by V the 
open set X^"^^ \ D (notice that it is smooth). Let S : V ^ X^"^") denote the open 
inclusion. 

As /5*Qjf is a sheaf equipped with an action of &r, we can also consider the 
anti-invariant subsheaf {p*Qx^)^'^^ (in the sense of sheaf theory). We denote it 
by Q^^ 

Proposition 3.7. 

(1) We have i^^'' = Q^''[r dim X]. 

(2) The sheaf'Q^^Y a rank-one local system on V shifted by rdimX. 

(3) With respect to Poincare- Verdier duality, the perverse sheaf is self- 
dual. 

(4) We have = S,S-^i^'^' ^ RSJ-^H}"^^. 

Proof. Let us compute the germ of at some point x'-''^ of X'-'^\ Denote by 
Y — Ix^"^")] C X the support of x'^'^\ This is a finite set of points. We can apply 
Lemma 13.61 to it, and then we can apply Example 13.51 This shows ^ and the first 
equality in The second equality in (H]) is a consequence of the first one and of 
Poincare duality ^ . 

Poincare duality ([3]) follows from (|3.4p and the self-duality of ■ 
Except from Poincare duality, similar arguments can be applied to Qx^, showing 
that Q^'' ^ S^S-^Q'^r It is moreover clear that d-^^Qx = 5"^Qx [^dimX]. This 
completes the proof of ([1]) □ 

Remark 3.8. The complex is thus also equal to the intermediate extension 

S\^,5~^^'^ (i.e., the intersection complex attached to the rank-one shifted local 
system (^-^HQ^''). 

Example 3.9. Assume that X ^ A}-. Then the space (A^)^''^ is an affine space 
isomorphic to A*". Let Z? C A*" be the discriminant hypersurface and denote by 
S : M" \ D ^ AT the open inclusion. 

The sheaf S^^Q^^ ^ local system of rank one on M" \D with monodromy equal 
to — Id locally around the smooth part of D and we have 

Example 3.10 (Vanishing cycles). Let us come back to the case of a general perverse 
sheaf !F on X. Denote by ^cj) the functor of vanishing cycles shifted by —1 (see e.g., 
[4]). This is an exact functor on Perv(X). Let C C X be the set of critical points 
of / with respect to T: by definition x° S C iff the germ at x° of the perverse sheaf 
^4>f-f{x°)-^ is non-zero. Let us assume that C is finite. Then, for any x° G C, the 
germ of ^(j) f _ f (^^o^T at x° is the direct image by the embedding {x°} ^ X of a 
finite dimensional vector space E^" (vanishing cycles of / at x°). 

Let xi, . . . , a;,- EX. According to the Thom-Sebastiani isomorphism for perverse 
sheaves with monodromy (see [l2 l 117 ) ). 

^'^(/-/(^i))e-e(/-/(a;,))(-^'^'')(^i,---,^.) — ' ''^if-f{xi))^^i ^ ■ ■ • ^ ^[f-f{x^:))J^x^. 
It follows that C is the set of critical points of /*'' (hence is finite) and that, 
if we denote by ^4>j^^^T the direct sum ©^gc^</'/-/(£c)-^i then ^^^[T^^) 
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For any complex number c, i?/9»P(/)^er_c — ^(f) f{s,r-) _cRp* and, as ^4>f(mr-)-c an 
exact functor on Perv(X(''^), it commutes with It follows that the set of critical 
points of /(s*") with respect to JF^*" is contained in C^''^ which is also finite. We 
then get 

(3.11) ''<t>si^r,,,,,{T'^^) ^ 

More precisely, let us set C = {xi | i € /} and let us choose some total or- 
der on /. The set C''"'' consists of the points = , . . . , x^^) with 
il ^ •■■ ^ ir- Let us set Ei — Ex^- The critical value of 
j(ffi»-)j-^.^ .^-j _ f{xi^) + • ■ • + fixi^). Then, according to the previous results, the 
space (^</)/(e^)_/(e^)(j;,^ ,i^)i^^'^))x,^,....,^ of vanishing cycles of at Xi^^,,,^i^ rel- 
atively to is the {ii, . . . , v)-component of the alternate product A^{(BieiEi). 

Assume that all critical points of / are simple (i.e., dimiJi — 1 for any i S /). 
Then the space of vanishing cycles of /(®'') at relatively to J-^^ vanishes as 

soon as two indices ia and if, (with a ^ b) coincide. 

3.C. Alternate Thom-Sebastiani for cohomologically tame functions. Let 

/:[/—> be a regular function on a smooth affine algebraic variety Assume 
that there exists an algebraic variety X in which U is Zariski dense and a projective 
niorphism F : X ^ inducing f on U , such that, denoting by j the inclusion 
U ^ X, for any c G the complex Pipp_^Rj^.^u is supported on a finite set of 
points in U (that is, in /~^(c)). We then say that / is cohomologically tame with 
respect to the constant sheaf ^jj. 

In the remaining of this section we will assume that / is cohomologically tame 
with respect to the constant sheaf. 

Lemma 3.12. // / is cohomologically tame with respect to then /(®'') is so 

with respect to the perverse sheaf ■ 

Proof. As is a direct summand of Rp^,^ijr , it is enough to prove the assertion 
for the latter perverse sheaf. Using the isomorphism RpJ'4>ps,r_f^ ~ ^'(j3p(@r) _^Rpf, 
we are reduced to proving the assertion for the Thom-Sebastiani sum f®^ with 

respect to ^j/r and the partial compactification [/'" « — > X"^ — > C. The result 
follows then from the Thom-Sebastiani theorem of [HI [T7] , applied to Rjl^u'- 
and F®''. □ 

Remark 3.13. Let us assume that the critical points of / are simple. It follows 
then from Example 13.101 that the restriction /(®'') to the open set V C is 
cohomologically tame with respect to the rank-one local system Q^jy, and its 
critical points are simple. However, even if / has distinct critical values, this may 
not remain true for /(®''). Let us also notice that V is smooth but usually not 
affine. 

The alternate Gauss-Manin system. Let us recall how the Gauss-Manin system G / 
is defined from /. One first defines the differential system Alf on the affine line 
with coordinate t by setting 

Mf = n"-{U)[dt]/ {d ~ dtdfA)n''-\U)[dt] (n^dimt/). 



''when considering perverse sheaves, we implicitly use the underlying analytic objects. 
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This is a finite C[t\{dt) -module with regular singularities. From the point of view 
of P-modules, it is the direct image HP f+Ou, where we regard Ou as a left module 
on the sheaf of differential operators Vu. As a consequence, the analytic de Rham 
complex of Mf is the 0-th perverse cohomology of the direct image Rf^MZu, where 
we denote as above by HZjj the constant sheaf shifted by dim U . 

On the other hand, G/ is interpreted as the localized algebraic Laplace transform 
of Mf. we set z = dt, dz = —t, so 

Gf = n"iU)[z, z-^] /(d - zdfA)n''-\U)[z, z-^]. 

It is a free C[z, z~^]-module, whose rank is equal to the dimension of the relative 
cohomology H'^{U, f~^{c)) for a generic c G A^. The Brieskorn lattice 

G/,0 := ^^mC] /{Cd ~ d/A)17"-i([/)[C] 

is a free C[C]-submodule of the same rank, where we set ^ = (cf. [15]). 
Let us begin with the tensor product: 

Lemma 3.14 (^13)). The r-fold tensor product ®cj^]G/_o is isomorphic to the Bries- 
korn lattice system of the r-fold Thom-Sebastiani sum f®^ : A^, where we set 
. . . , uM) = + • • • + /(uM). 

Proof. Let us recall the proof. By an easy induction on r, it is enough to prove 
the result for the tensor product corresponding to cohomologically tame functions 
/ : [/ ^ Ai and 5 : C/' ^ Ai. We consider the complex {U)[C], Cd - dfA). As 

(d — dfA is the twisted differential e^^'' o d o e^^^'', we can write this complex as 
(ri"+*([/)[C]e^'^/'', d), where 1'^ is now a symbol denoting the twist of the differ- 
ential (to follow the definition of a shifted complex, we should use the differential 
(— but it is of no use here). 

We have a natural morphism of complexes 

(*) (f7"+-([/)[C]e-^/^, d) ®c[C] (f^'"-(C/')[C]e"^/^, rf) 

— > (f7"+™-(t/ X t/')[C]e"^-^®^^/'^,d). 
It induces a surjective morphism of the corresponding as C[C]-modules, since 

= r!"+™(;7 X U'ml{<^d - dif © g)A)n-+^-\U x U'm = G/es,o. 

As we have seen above (cf. also [13l §2]), f®g is cohomologically tame, hence G/^g^o 
is a free C[C]-module of finite rank (cf. [15]). On the other hand, using that G/^o 
and Gg.o are free C[C]-modules of finite rank (as a consequence of cohomological 
tameness), we identify the of the left-hand term in (*) to G/_o '^cic] ^s,0: which 
is also free. We thus have a surjective morphism G/^o ®c[c] Gg,o C!f(Bg,Q of fr^e 
C[(^]-modules. Moreover, a simple computation shows that their rank is the same. 
Therefore, this morphism is an isomorphism. □ 

Example 3.15. Let us give the explicit description of the action of the symmetric 
group &r on GfSir Q coming from the isomorphism of Lemma 13.141 when U is the 
torus (C*)" with coordinates mi, . . . , m„ and volume form vol = A • • • A For 
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uj e r2"(C/)[C], we write lv = ip{u) vol with ip{u) e 0{U)[C,]. Then wi ® • ■ • Wr is 
sent to 

• ■ • (friu^"'^) vo\i A • • ■ A voir, 
and w(ijji (g) • • • (g) — ij-'w(i) (g • • • (g ti'w(r) is sent to 

'Pw{l){u^^'') ■ ■ ■ V'w(r)("^'''') VOli A • • • A vol,. . 

Therefore, after dividing by voli A • • • A vol^, the action of on G f^r Q amounts 
to the usual action induced by that on 0{U^). 

We are now interested in the alternate product Apj^jG/_o, that is, the antisym- 
metric submodule of Gjer- g. In the situation of Example 13.151 it is isomorphic 
to 0(C/'')^"'[C]. We will now give another interpretation of this antisymmetric 
submodule, or at least of the corresponding submodule of the Gauss-Manin sys- 
tem Gf(Sr, as the Gauss-Manin system attached to the morphism induced 
by Z®'" on the quotient variety [/'-''' — U^/&r, with respect to the perverse sheaf 
^O*^ = Cj)''[rdimJ7] described by Proposition 13.71 Let us note that the quotient 
variety U^^^ is affine, but usually singular. 

Let us consider the 0-th perverse cohomology pW Rfr '^u ■ This is a perverse 
sheaf on A'^, which corresponds to a unique (up to isomorphism) regular C[t](9t)- 
module that we denote by Mj''^. 

Proposition 3.16. The localized algebraic Laplace transform of M^^ is isomorphic 
to A'-Gf. 

Sketch of proof . Let us choose an embedding U^^"^ ^ U into a smooth afRne variety 
and let us still denote by p the finite morphism UxA} obtained by composing 

p-.V ^ J7('^) with the graph embedding t : x of /(®''). 

We will work with right P-modules and we denote by uju the right I?(7-module 
j-^dimt/^ The Pjy^-module ^"^uiu is 6r-equivariant, so p+{^''uju) has an action of S^. 
Taking Spencer complexes (which plays the role of the de Rham complex for right 
I?-modules), we have an isomorphism Sp^^A^ — p*^U'- which is com- 

patible with the Sr-action. Therefore, 

Using the compatibility with direct images we find 

^^(®.),^A,. ^ sp^^ (/f '■)«)) = sp;. {{fr{^^oou)r')). 

Therefore, 

Spli Mf m^Rfi®'-^^^'' ^ Spli (H°(/®'-(E2'-c.y))-^*). 

If we set Mf^ = H°(/|"^(k''cj[/)), we thus have M^"^ ~ (M^'')^"'. On the other 
hand, by definition, the localized Laplace transform of M®'', with its S^-action, is 
isomorphic, by Lemma 13.141 to z-i]^/ with the natural action of &r- O 

4. Alternate Thom-Sebastiani and Frobenius manifolds 
In this section, we consider a function / : ?7 — > satisfying the assumptions of 
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4. a. The canonical pre-Saito structure. We denote by G/ the C- vector space 
G/ on which the action of C[z, z^^](dz) is modified by a sign: we set, for any 
g ^ Gf, z ■ g ~ —zg and dz ■ g — —dzg. In other words, 

Gf = n'\U)[z,z-^]/{d + zdfA)n"-\U)[z,z-^] 

equipped with the action of dz defined by dz[i^] — [foj] for any uj e f]"(C/). The 
Brieskorn lattice G/,o is defined similarly. 

We will use the following two results (cf. [T5]): 

(1) Poincare duality for the morphism / induces a canonical nondegenerate 
(— 1)"-Hermitian sesquilinear pairing 

Sf : Gf (8)c[z,z-i] Gf — > C[z,z^^] 

which is compatible with the action of dz (that is, dz{S f{g' , g")) = 
S f{dzg' , g") — Sf(g',dzg"))- This pairing induces a perfect pairing 

Sf-Gffl ®c[c] G/^o"^C"C[C]. 

(2) The limit mixed Hodge structure on limc^oo H'^{U, f^^{c), Q) enables one 
to produce, through a construction due to M. Saito [16], a canonical C- 
vector space Ej of G/_o, such that G/.o = C[C] ®c Ej, and in which dz = 
—(^d^ takes the form 

no , 

-i?o + — , 

where i?g and i?oo are two endomorphisms of Moreover, restricting Sf 
to E°j E°j gives a symmetric nondegenerate pairing 

5° : E° ®c E°f C. 

Lastly, on the one hand, i?oo is semisimple and its spectrum is the opposite 
of the spectrum at infinity of /; if i?^ denotes its (7°-adjoint, we have 
Roa + R^o = —"-Id. On the other hand, through the isomorphism Ej 
Gffi/CGffi = ^l"-{U)/df A i?o corresponds to the endomorphism 

induced by the multiplication by / on ri"(t/) and satisfies Rq* = Rq. Its 
eigenvalues, counted with multiplicity, are the critical values of / counted 
with multiplicity. 

In other words, to any such function / is associated (mainly using Hodge 
theory related to it) a canonical pre-Saito structure {E°j,Rao,RQ,g°) of weight 
w ~ dim U = n with base manifold reduced to a point. 

4.b. The trivial deformation. We now show that the trivial deformation, as 
constructed in Example 11.31 of the pre-Saito structure {E'^, Roo, Rq, g°) defined 
above can be obtained from a deformation of / itself. 

Let C* be the one-dimensional torus with coordinate A. Later, we will consider 
the analytic uniformization A = to be compatible with Example 1 1.31 For / as in 
WS.cl we consider the unfolding 

F:UxC* — >A\ (u,A)i — > \f{u). 

The Gauss-Manin system Gp of is a one-parameter deformation of that of /. We 
set (still denoting by d the differential with respect to the U -variables only) 

Gf,o = n^{u)[x, A-\ c] /{(d - xdfA)n^-\u)[\, x-\c]. 
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The action of C^d(^ is induced by the multipUcation by A/ on n"{U)[X, X^^] (and 
extended with the Leibniz rule) . The action of (^dx is induced by the multiphcation 
by — / on ri"([/)[C] (and extended with the Leibniz rule). 

Let us denote by tt the map (A, z) i-^ Xz and by tt* : C[z] C[A, A^"'^,z] or 
C[C] C[X,X^^,Q the corresponding morphism of algebras, defined by z i-^ Az 
and C A^^C- Then 6*^,0 — '^~^Gf,o, where 7r+ means tt* of the C[C]-module 
and the natural lifting of the connection. Regarding C[A, A~^, Q as a C[C]-module 
through TT*, we have Gf,o = C[A, A^-^, ^] 0c[c] ^/,o and 

C'dcil g) = A ied^g), (dxil ® g) = -1 ® {('0^9). 
Using the space E'^ C Gj^ given by Hodge theory and M. Saito's procedure for /, 
we get the trivialization 6*^,0 = C[A, A~^, Q^cEJ, and we get a pre-Saito structure 
by changing the trivialization as in Remark 11.41 (using here the variable C instead 
of z). From Remark 11.41 we obtain: 

Proposition 4.1. Let (E'^, Roc, Rq, g°) be the canonical pre-Saito structure of 
weight n attached to f. Then, for any x 6 A^, the canonical pre-Saito struc- 
ture of weight n attached to e^ f is the fibre at x of the trivial deformation of 
{E°j, Roa, Rq, g°) constructed in Examvle \\.'i\ (plus Examvle \\.lQ\ for the metric). □ 

4.C. Frobenius manifold structure. In order to obtain a Frobenius manifold, 
we need a pre-primitive homogeneous section a;°, canonically associated to the 
geometry. Such a section exists when J7 is a torus, so we will only consider this 
case. 

Assumption 4.2. U ~ (C*)" is a torus with coordinates wi, . . . , m„ and f : U ^ A} 
is a Laurent polynomial such that: 

(1) / is convenient and nondegenerate with respect to its Newton polyhedron 
(cf [9J, 

(2) the critical points of f are simple and the critical values are distinct. 

As a consequence, the Jacobian algebra 0{U)/{df) is finite dimensional, and 
the multiplication by / induces on it a regular semisimple endomorphism, whose 
eigenvalues are the critical values of /. Moreover, / is cohomologically tame with 
respect to the constant sheaf. We can apply to it the results indicated above (cf. [3 
§4]). 

The class of the volume form A • ■ • A belongs to the canonically defined 
vector space E°j and is homogeneous of degree with respect to i?oo- Moreover, it 
is a cyclic vector for Rq. It is thus pre-primitive and homogeneous. Therefore, the 
data {E'^,Roo,Ro,g°,oJ°) define a canonical Frobenius manifold structure on EJ 
of weight n. Let us note that any other coordinate system on the torus, obtained 
from (ui, . . . , Un) by a monomial change of coordinates, leads to a new volume form 
equal to ±lu°. According to Remark ll.231 the Frobenius structure does not depend 
on the choice of the coordinate system on the torus. 

Let us now consider the r-fold alternate product. From Proposition l3.16l we get: 

Corollary 4.3. The restriction to of the differential system {F° , V) on as- 
sociated to the r-fold alternate product of the canonical Frobenius manifold attached 
to f is the Gauss-Manin system A^'Gf of the pair (/(®''), ^C^"^) on U^''^ □ 

Example 4.4. Let f(u) = uq + wi + • • • + u„, where we have set mq — 1/(^1 ■ • • Wn). 
The canonical pre-Saito structure {E'f,Roo,Ro,g°,uj°) is obtained in the following 
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way (see for instance [6] with all the weights set to one). The space Ej is the 
C-vector space generated by ujq — uj°, uj", . . . , a;°, where, for fc ^ 1, is the class 
of Mo ■ • ■ Uk-i A • ■ • A In this basis, the matrices of i?oo, -Rq, 9° are those of 
Example [TMII' 

From Theorem 12.131 and Corollary 14.31 we conclude that the Gauss-Manin sys- 
tem of the pair (e(^"i)*''/("+i)/(®'"),JC;0'') can also be obtained from the Frobenius 
manifold attached to the quantum cohomology of the Grassmannian at its origin. 

Remark 4.5. It would be desirable to give an interpretation of AEJ- and of the 
metric induced by i^^g° purely in terms of {f'^®^\K!■^^) (by using Hodge theory 
at = oo), so that the canonical process of H4.al could be directly applied to 

(/(®'-),?C^''). 

On the other hand, it would also be desirable to define a suitable small defor- 
mation of /(S'') which would be enough to recover the r-fold alternate product of 
the pre-Saito structure attached to /. A natural choice would be the deformation 
induced by the deformation of f®^ by the elementary symmetric functions of the 
/(m^*^) {i = 1, . . . ,r), but this deformation usually introduces new critical points, 
which would have to be eliminated in some way. 
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